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Chapter 1-3 : Basic Concepts, Recurrence with Substitution

Algorithms — so what is an algorithm, anyway?

Thedictionary definition: An algorithm isawell-defined computational procedure that takes input and
produces output. This classwill deal with how to design algorithms and understand their complexity in
terms of runtime, space, and correctness.

Examples: data compression, path-finding, game-playing, scheduling, bin packing

Example algorithm: Insertion Sort

Insertion sort is how people often sort ahand of cards. Starting from the left, go towards the right and
make sure that everything on the left hand side is correctly sorted. For example:

Original: 5 3 8 2 10 7
Pass 1. 3 5| 8 2 10 7
Pass 2: 3 5 8| 2 10 7
Pass 3: 2 3 5 8| 10 7
Pass 4: 2 3 5 8 10 7
Pass 5: 2 3 5 7 8 10

Here isthe pseudocode for the Insertion sort algorithm.
Typically we will use pseudocode and not actual implementation code.

Insertion-Sort(A) ; Assume our arrays start at index 1 and not at O
For j< 2tolength(A)
Do
key <A[j]
i<j-1
whilei>0 and A[i] > key
do
Ali+1]< A[i]
i<i-1
Ali+1] € key
Run through algorithm on our input, 5382107
JF2
A=[5382107] Key=3
=1
A[1]>3s0A[2]=A[1]
A[1]=3
J3
A=[3582107] Key=8
=2
A[2] <8
A[3]=8
F4

A=[3582107] Key=2
=3
A[3]>2 50 A[4]=A[3]



A[2]>2 0 A[3]=A[2]
A[1]>2 s0 A[2]=A[1]
A[1]=2

k5

A=[2358107]

Thefinal two passes are |eft as an exercise for you to verify.
It looks like this algorithmworks to sort the input. But how do we analyzeit? There are also certainly
many other ways to sort the data (and we'll 1ook at lots of them!) What makes one algorithm better than
another?
L et’s make an assumption that we will use throughout most of this class.
RAM model. Thisisa uniprocessor, random access machine with no parallelism (PRAM).
Run time and space will generally depend on the size of theinput.
Input Size‘n’ : Definition of n depends on the problem. It may be bits, bytes, but is usually the number of
itemsin theinput. For sorting, n=# of itemsto sort. For agraph, n could be the number of nodes or the
number of links.

Running time: defined as the number of stepsthat are executed in the program.

L ets count up the runtime for this algorithm. This can be alittle tricky since the loop doesn’t always run the
same number of times, but varies depending on the input.

Lett; = the # of timestheinner while loop is examined for the current value of j. Thisincludes checking
for the exit condition of the loop.

Code Cost Times
For j< 2tolength(A) C1l n
Do
key<A[j] c2 n-1
i< j1 C3 n-1
whilei>0 and A[i] > key c4 a ?zztj
do
. . o n
A[i+1] € A[i] C5 a -9
. . o n
i< i-1 C6 a jzz(tj -1
A[i+1] <key c7 n-1

The statement for the outer j loop will run n times (once for each element, once to check the exit condition).
Theinner statements run n-1 times. Since we' ve definedt; as the number of timestheinner loopis
executed for avalue of j, to get the total timesit is run we just add up the sum or all values of j.

Our total runtimeisthen:

CL(n)+C2(n-1)+C3(n-1)+CA( & :_'zzt O+ ?zzt |- Lres@ ?:zt [ - LycT(n-D)



Doing alittle math:

CL(n)+C2(n)}C2+C3(N}CH+CA Q ?:zt | HCEHOB( A ?zzt | - Lrcrnycr

(CL+C2CHCT() - (C2+C3+CD + (@A A |t )+ (€50 § |, (t; - D)

What’ sthe best case? If theinput isalready sorted. In thiscase,
gets executed once since we' [l immediately find the right spot for the last item.

Jst; =1. Thatistheinner loop only

Runtime for this case:
(CL+C2+C3+CT)(n) — (C2+C3+CT) + (CA( A :,':21) +(C5+C8)(0)
(CL+C2+C3+CT)(n) — (C2+C3+C7) + (CA)(n-1)
(CL+C2+C3+CA+CT)(n}(C2+C3+CT+CA)
= (CONSTANT1)n— CONSTANT?

Thisisalinear function of n; y=ax+b. Theruntimewill increase linearly as the size of the input
increases

runtime

What' sthe worst case? Lets say that the input conspires to provide the worst runtime. Thiswould happen
if the array wasin reverse order, because then we have to compare with every other number in the inner

loop.

5 4 3 2 1
=2 t; = 2 compares
=3 t; = 3 compares
=4 t; = 4 compares

So we know that tj =j

o n on . n(n+1)
ajzztj:ajzzj: 2 -1



n(n+1)

=7 -1-(n-D
_n+n 2n
T2 2
_n(n-1)

2

Plug these into our formula:

(CLC2HC3CT() - (C+C3+CD + @A A |t )+ (C5ee A 't - 1)

n(n+1) n(n- 1)
(CLHCHCBHCT)(r) — (C2+CICT) + (A —— - 1)+ (Co+CB) =)

Of the form (Constant1)(n?) + (Constant2)(n) + Constant3

Thisisaquadratic; an’+bn+c; the runtime will increase based on the square of the input.

runtime

Average caseis also quadratic.

How much space does thistake? Sortisdonein place, so just afew variables.
This requires constant space.

Function Growth

g -notation : Gives asymptotically tight bound on afunctions growth

Definition:

q(g(n)) :{ f(n):$c,c,,n,,0£cg(n) £ f(n)£ czg(n)} foral N3 n,

c2g(n)
f(n)
clg(n)




F(n)=3n is g (n) since we can find g(n)=n, c1=1, c2=4.

Insertion sort isnot g (n®) sinceit islinear in the best case.
However, average and worst case insertion sort is () (n%).

O-notation: Big-O notation. Thisgives an asymptotic upper bound.
Definition:

o(g(n) ={ f (n):$c,, ny:0£ f(n)£ c,g(n)} foral n n,

clg(n)
f(n)

Insertion sort is O(n?). Tight upper bound in the worst case, loose in the best case.
Looser: O(n®), O(2").

Uselittle-o notation if you know that it is aloose bound.

o(n®) if f=n?.

W - Omega notation. Omega provides an asymptotic lower bound.
Definition:

V\(g(n)) :{ f(n):$c,n,;,0£ cg(n)£ f(n)} foral N3 n,

f(n)
clg(n)




W (1) — Constant time, thisis atrivial lower bound for most cases.

For insertion sort, W (n) : linear time is the best possible
Running Time Comparison:

g n=10 n=100 n=1000 n=10000
Ig(n) 2 5 7 9
n 10 100 1000 10000
n(lg(n)) 20 500 7000 90000
n? 100 10000 1,000,000 100,000,000
2 1024 1.3x10%° huge very huge
exponentia
guadratic linear
log
P ————
n

For comparison: estimate of the number of atomsin the universeis about 10%° (i.e. about 22’°).
Tool we will use for analysis and solutions: Divide and Conquer

Recursive approach to solve problems. Theideaisto break the problem up into sub-problems with the
same solution, but smaller size. Solve these problems recursively, the combine the sub-solutionsto solve
the original problem.

Divide — into sub-problems
Conquer — Sub-problems recursively
Combine — Sub-problem solutions to original problem

Let’slook at Merge Sort:
Divide n elements into two subsequences to be sorted of size n/2
Conquer — sort subsequences recursively with merge sort
Combine — merge sorted subsequences into big sorted answer
Need termination criteriafor recursion—
Quit if sequenceto sort islength 1

Pseudocode:
Merge_Sort(A,p,r)
If p<r then
ép+ru
e ———— s
T g2

Merge_Sort(A,p,q)
Merge Sort(A,q+1,r)
Merge(A,p,q.r)



Call with Merge_Sort(A,1,length(A))
g gets the median, merge left, right

A[l...5...10] becomes Merge_Sort(A,1,5), Merge_Sort(A,6,10)
How do we merge?

Al 1 5 8 30 31 50
A2: 2 10 11 12 15
Combined: 1258101112 15 30 31 50

Easy to do; just start at the front of each array, compare the pointers, and put the smallest into anew array
and then increment the pointer that was the smallest.

If nisthe number of elementsto merge, then it takes g (n) time to merge.

Example A=153711824

1537118 | MS(A,L8)
s N
MS(A,1,4) (153 1182| MS(A,5,8)
N 4
1] |3 11
1’ T7 1'8 2'4 final
\5 :iL ]\ 4 recursion
E 3] [8 merge
LN L
135 248 merge
N 4
1234578 merge

How much work isdone? It’sthe cost to split + the cost to merge.
Let’sdefine T(n) to be the runtime for a problem of size(n).

} Q(),n=1 P
Recurrence: T(n) = | ,-210 Y
TZT%2!Z+ Q(n),n> 13{;

The 2T(n/2) comesfrom the divide, and the (] (n) comes from the merge.
Later we will show that Merge Sort is{ (nlgn) in runtime.



Math Review

eX(- floor of x, round down

@X( - ceiling of x, round up

lg(x) =logz x
InXx =loge X
a=p?

loge(ab) = logq(a) + log(b)

log.a
log. b

C

logy (1/a) =-logpa

log,a =

logra= 1/ (logzb)

aIogb n— nIogba

iterated log : log(log n) = log®n
Thisgrows very slowly! Almost the same as constant time.

4 1
A k=1+2+3+ 4+.n=2n(n+1) =Q(n)
k=1
o 1 11 1

Z=1+Z+>+.==In(n)+O() = ic seri
ka:_lk 1 >t3t g In(n)+O(2) = Q(Inn) Harmonic series
é Q- =, - Telescoping
k=0

There are some othersin chapter 3, but these are the ones you will use most frequently for this course.

Monte Carlo Methods

Throughout this classwe'll focus primarily on analytic methods to characterize algorithms. However, there
is another class of statistical/probabilistic methods that are commonly referred to as Monte Carlo
algorithms. From http://www.qpsf.edu.au/mirrors/csep/mc/nodel.html:

Numerical methods that are known as Monte Carlo methods can be loosely described as statistical
simulation methods, where statistical simulation is defined in quite general terms to be any method that
utilizes sequences of random numbers to perform the simulation. Monte Carlo methods have been used for
centuries, but only in the past several decades has the technique gained the status of afull-fledged
numerical method capable of addressing the most complex applications. The name “Monte Carlo” was
coined during the Manhattan Project of World War 11, because of the similarity of statistical simulation to
games of chance, and because the capital of Monaco was a center for gambling and similar pursuits.



Monte Carlo is now used routinely in many diverse fields, but has gained some of the greatest popularity in
computer science and physics. For example, consider acomplex physical system (solar system, nuclear
reaction, quantum chromodynamics, traffic patterns, etc.) that has been modeled through a series of pdf’s
(probability density functions). The behavior and interaction of the model with theinput is often too
complex to determine deterministically. Instead, the systemis simulated by running many trials using
random inputs selected from a proper range. The resulting output helps us learn about the outputs of the
system and the complexity of the system.

As another example, the merge sort example we previously covered could be analyzed using a monte carlo
method by randomly selecting inputs, running the algorithm, and measuring the runtime (or the number of

comparisons). By averaging out the average runtime, we could determine that merge sort isa (| (nign)
algorithm.

Recurrence Relations

Earlier we said that:

} Q(),n=1 i
i a0

Recurrence: T(N) = i 2-1-%_T +Q(n),n> 1_3,;

i< 825

Is q (nign).

The next section will show how to compute these bounds. There are generally three methods we will
discussto solve the problems:

Substitution

Iteration

Master Method

Note that we will typically drop out the lower order terms.
For example, if an algorithmrunsin q (n) + q (1) time, the q (n) will dominate so we can just drop the
g (1) term completely.

Substitution Method
The substitution method consists of the following steps:

1. Guesstheform of the solution

2. Usemathematical induction to find the constants of the solution, assume the solution works
for up ton. We need to then show the solution works for n+1; thisis aweak form of proof by
induction.

3. Show that the solution works for the new case

4. Thismethod works best if its easy to guess the form of the answer

5. Solvethe base case

Example: Given T(n)=K ,i.e.( (1) for n<=1 ; Where K isaconstant
often not specified and left implicit
T(n)=2T(n/2) + n for n>1 ; similar to what we had for merge sort

Let’sguess the form of the solutionis O(nign).

Next we need to prove that T(n) £cnlg(n) for c>0 (recall definition of O(nlgn)



Substitute back in to original guess:
T(N) £ 2(c(n/2)lg(n/2) + n
T(n) £cnlg(n/2) +n
T(n) £cnlg(n) —cnlg2 +n
T(n) £ cnlg(n)—cn+n
T(n) £cnlgn ifcd 1

L ooks good so far, we must also show the boundary condition (or base case) fits our guess by
showing that T(constant) from the original recurrence £ guess condition.

We guessed that T(n) £cnlg(n)
If T(1)=K then

T(1) £c(1)lgl

T@) £ ¢*1*0
In the original however, T(1) = K.

Isk £ ¢(0)? Thisdoes not work for ANY value of c. We know it takes more time than 0!

But we don’'t have to make the T(1)=K solution fit, we can use a higher number of n.
Remember we only need to show that the solution istrue for n > ng and can ignore
transients early on.

Try T(2) £ c2g2
T(2) £c2

Orig:  T(2) =2T(n/2)+2
T(2=2T()+2
T2 =2K+2

Is2K+2£ ¢2? Theguessistruefor c3 K+1 sowe are done.

In the above example, it iscommon to “cheat” alittle bit and instead assume that T(1) = 1 instead
of T(2) =q (2).

Thereason isto simplify the analysisabit. Let’slook at what we would have if we used T(1)=1
instead and tried to solve for the base case:

Try TQ) £c2

Orig.  T(2) = 2T(W2)+2
T2 =2T(1)+2
T2)=2(1)+2
T2 =4

Is4 £c2? Yes if 2 £ c. Wecan still make the base case work for T(1)= 1. The differenceis

that thereis a constant factor using the T(1)=K, that is missing when we assume T(1)=1. For a
dlightly easier analysis, we will often assume that T(1)=1 to simplify the process. However,

remember that evenif T(1) = ( (1), it is safe to assume T(1)=1 to prove the recurrence.

How to guess:
It is often useful to drop the asymptotically insignificant constants.

Ex: T(n) =2T(n/2 +17) +n



Ignore the constants, since for alarge n they are insignificant. Guess O(nlgn)

Or, prove aloose upper and lower bounds, then try to reduce the bounds.
E.g., start with O(n®), O(n?), ... assume only W (n) initially in recurrence.

Subtract Terms:

T(nN)=T(n/2) + T(/2) +1

If you guess T(n) £cn linear
Get T(n) £ cv2+cn/2+1
T(n) £ cn+1

Thisisnot £ cnfor any value of n!
Instead try subtracting out the lower order term that is causing problems:
Try T(n) £ cn—b 1b>=0
Get T(n) £ (cn/2)-b + (cn/2)-b +1
Tn) £ cn—-2b+1
T(n) £ cn-b ; iIf b>=1 then thisworks to satisfy the solution

Changing Variables:
Consider T(n) = 2T( «/ﬁ ) +Ign ; looks hard!
Letm=Ign n=2"

Get  TE@M=2T(n"?)+m
T@"=2T@") +m

Let S(m)=T(2™
-2 §m)=25(m/2) + m ; We solved this already!
=0 (mlgm) =0O(IgnIgign) ; Thisgrows very slowly!

Second substitution example:

Given: T(n)=q (1 if n=1
T(n) =4T(n/2) +n if n>1

Let’ sguess that the solution is O(n Ign)
So we need to show that T(n) £ cnlgn

Show:  T(n) £ 4 (c(n/2)lg(n/2)) +n

T(n) £ 2cnlg(n) - 2enlg2 +n

T(n) £ 2cnlgn -2cn +n

T(n) £ 2cnlign - (2c+1) n
ThisisNOT of the form cnIgn for any value of ¢! Must match the exact form of the induction
hypothesis or the result is not valid. Additionally, thisresultisnot £ cnignforal n3 n,.

New try: Guess solution is O(n?)
So we need to show that T(n) £ cn?



Show: T(n) £ 4(c(n/2)?) +n
T(n) £ 4c(n?/4) +n
T(n) £ cn®+n
Does not work either! But itsclose.

Off by afactor of n, so letstry subtracting off that term.
Try:  T(n) £ cn®-n

T(n) £ 4((cn?/4) — (n/2)) +n

T(n) £ cn®-2n+n

T(n) £ cn®—n
Thisisamatch! c¢=any vaue> 0.

We also need to show the base case:

Inourguess, T(2) £ 4c-2
Inorigina, T(2)=4T(2/2) + 2
T(2) =442
T(2) =6
So our guessissafeaslong asc>1.

Be careful! The solution must match the EXACT form of the induction hypothesis.
Ex Given T(n) =2T(n/2) + n
GuessT(n) £ cn
Show  T(n) £2¢(n/2) +n
T(n) £cn+n

It looks like this works, since we have cn+n which is O(n) and something O(n) is £ cn but it is not
the exact same form as our guess. It has an extran in there that the guess does not. (The ultimate solution
may still be O(n) though! But this doesn’t proveit. For this problem, aguessof T(n) £ ¢ would work).



