
Deriving Change of Bases

B = {x2, x, 1}

C = {x2 + 1, x2 + x, x + 1}

Note first the following coordinates.

[
x2 + x + 5

]
B = [1, 1, 5].[

x2
]
C = [1/2, 1/2,−1/2].

[x]C = [−1/2, 1/2, 1/2].

[1]C = [1/2,−1/2, 1/2].

x2 + x + 5 = 1(x2) + 1(x) + 5(1) expanded as linear combination of B
= 1(1/2(x2 + 1) + 1/2(x2 + x)− 1/2(x + 1))+

1(−1/2(x2 + 1) + 1/2(x2 + x) + 1/2(x + 1))+

5(1/2(x2 + 1)− 1/2(x2 + x) + 1/2(x + 1)) ~bi written as linear combinations of C
= [1(1/2) + 1(−1/2) + 5(1/2)](x2 + 1)+

[1(1/2) + 1(1/2) + 5(−1/2)](x2 + x)+
[1(−1/2) + 1/(1/2) + 5(1/2)](x + 1) collecting in terms of ~ci

= 5/2(x2 + 1)− 3/2(x2 + x) + 5/2(x + 1).

Compare the arithmetic above (last two steps) to the calculation below.

 1/2 −1/2 1/2
1/2 1/2 −1/2
−1/2 1/2 1/2

 1
1
5

 =

 1(1/2) + 1(−1/2) + 5(1/2)
1(1/2) + 1(1/2) + 5(−1/2)
1(−1/2) + 1(1/2) + 5(1/2)


=

 5/2
−3/2

5/2

 .


